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Abstract

In recent years rapid progress has been made towards expanding the operational band-

width of metalenses from discrete wavelengths to broadband ranges. Current solutions

to designing broadband achromatic metalenses involve searching through extensive li-

braries of meta-atom geometries and their corresponding wavelength-dependent phases

and group delays to find the designs that closest match the desired optical response.

The purpose of this work is to examine whether the appropriate meta-atoms can be

more efficiently selected than conventional brute-force techniques with the assistance of

machine learning. Moreover, it is investigated if machine learning algorithms could use

the design libraries to learn the complex nanostructure-performance relationship and po-

tentially enable the on-demand design of metalenses with arbitrary numerical apertures

and operational bandwidths.

Among the machine learning algorithms studied, decision trees proved most suitable for

solving the inverse design problem. Compared to neural networks, they were easier to

implement, faster to train and could more accurately map the employed nanopillars to

their optical responses. Nevertheless, decision trees were not able to predict and extrap-

olate to metalenses outside of their training sets. Hence, to construct four achromatic

metalenses with various numerical apertures and different bandwidths, a custom-made

design library had to be prepared for each metalens. Once the decision trees were trained,

they produced achromatic metalenses that closely fit the predefined target phase profiles.

Remarkably, the trees were able to accelerate the design process by predicting the ap-

propriate metalenses up to 200 times faster than conventional brute-force optimization

algorithms.
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Chapter 1

Introduction

1.1 Conventional refractive lenses

From unlocking the vast cosmos with Galileo Galilei observing the moons of Jupiter to

the microscale with van Leeuwenhoek inspecting and experimenting with microbes for

the first time – lenses have played a critical part in the progress of scientific understand-

ing.

Conventional optical lenses form the basis for technologies such as cameras, microscopes,

telescopes and optical lithography. As single refractive lenses do not form perfect images,

an important challenge in designing optical lenses is the correction of aberrations. Aber-

rations cause the light to spread out over some region of space rather than directing

it towards a focal point and can be both monochromatic and chromatic [1]. Chro-

matic aberrations originate from the wavelength-dependent refractive index of materials

and can be compensated by combining multiple lenses with complementary dispersion

characteristics. However, this causes conventional lenses to become bulkier and more

expensive, presenting a significant limitation as technology advances and demands more

and more compact optical components.

1.2 Metalenses and achromatic metalenses

Metasurfaces, two-dimensional arrays of subwavelength antennas, could be used to deal

with this challenge. By engineering the physical shape of the antennas, metasurfaces
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enable the control over basic properties of light such as the phase, amplitude and po-

larization. Several components have been developed based on metasurfaces such as

holograms [2], quarter-wave plates [3], carpet cloaks [4], vortex plates [5], thin absorbers

[6], or sensors [7]. One device that particularly has received wide interest is the metasur-

face lens or metalens. Compared to the traditional bulky lens, metalenses are ultrathin,

thinner than a sheet of paper, and can be mass-produced using microfabrication tech-

niques similar to those used in the semiconductor industry [8]. Metalenses are usually

designed based on nanostructures that have a high index of refraction and are lossless

in the wavelength regime of interest [9]. High-index materials are selected because they

provide better light confinement which improves the overall efficiency and facilitates the

fabricability of the metalens.

Following these two material properties, several chromatic metalenses across various

regions of the electromagnetic spectrum have been demonstrated [9]. In recent work,

Zhang et al. [10] used HfO2, a UV-transparent high-refractive-index dielectric mate-

rial, to implement metalenses operating in the UV at 325 nm and 363 nm with focusing

efficiencies1 of 55% and 56%, respectively (Fig.1.1a). For metalenses in the visible spec-

trum, typical materials include TiO2 [11, 12], GaN [13, 14] and single-crystal silicon

[15, 16, 17]. TiO2 metalenses that achieved diffraction-limited focusing at wavelengths

of 405, 532, and 660 nm with corresponding efficiencies of 86%, 73%, and 66% have been

demonstrated (Fig.1.1b) [18]. In [14], the authors reported three GaN-based metalenses

with operation efficiencies of 87%, 91.6%, and 50.6% for blue (430 nm), green (532 nm)

and red (633 nm) light, respectively (Fig.1.1c). In another attempt [19], a single-crystal

silicon metalens was designed for 532 nm with an efficiency of 67% (Fig.1.1d). Notably,

Liang et al. preferred single-crystal silicon over amorphous silicon due to its lower optical

loss at visible wavelengths. For near-infrared wavelengths, however, amorphous silicon

becomes the material of choice. A Huygens nanoantenna-based metalens was presented

at a wavelength of 825 nm that reached an efficiency of 20% (Fig. 1.1e) [20]. Moreover,

a polarization-insensitive metalens composed of silicon nano-posts with a focusing effi-

ciency of up to 82% at 1550 nm was introduced [21]. Metalenses have also been extended

to the mid-infrared region with Si [22, 23, 24] and PbTe [25, 26] as primary materials.

The aforementioned metalenses operate at discrete wavelengths only and consequently

are not yet suitable for full-colour imaging systems such as photography or microscopy.

In recent years there has been growing interest to expand the operational bandwiths of

1The focusing efficiency was defined as the ratio of the optical power of the focused spot to the total
power illuminating the metalens.
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Figure 1.1: Chromatic metalenses across different parts of the electromagnetic
spectrum. (a) A HfO2 metalens operating in the ultraviolet [10]. (b)-(d) Metalenses
working at visible wavelengths are typically made out of (b) TiO2 [18], (c) GaN [14] and
(d) single-crystal silicon [19]. (e) A Si-based metalens adapted for the NIR [20].

metalenses from discrete to broadband ranges. The first systematic studies on metalenses

with a continuous wavelength range were conducted in 2015 by Wang et al. [27], who

demonstrated a cylindrical lens with achromatic focusing in the entire visible band.

However, their lens had a low numerical aperture (NA) of 0.013 and was constrained to

the photoresists used in grayscale lithography as constituent materials. Subsequently, in

2016 Khorasaninejad et al. [28] reported an achromatic metalens consisting of titanium

dioxide nanopillars on a dielectric spacer layer atop a metallic mirror (Fig. 1.2a). Their

metalens worked in reflection mode and achieved achromatic focusing over a bandwidth

of 60 nm in the visible with NA = 0.2. Despite successfully suppressing the chromatic

aberration over 60 nm, much work remained to be done to extend the working bandwidth

of the metalens for practical purposes. In [29], the authors experimentally realized

a broadband achromatic metalens over a continuous wavelength region from 1200 to

1680 nm by employing metallic integrated-resonant unit elements (IRUs) to control the

dispersion (Fig. 1.2b).

However, these metalenses work in a reflection scheme. Various approaches have been

put forward to design transmissive metalenses, which are much more desirable for practi-

cal applications. In a follow-up study of [29], Wang et al. introduced a design comprising

of GaN-based IRUs (Fig. 1.3a) to construct an achromatic metalens that almost cov-
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Figure 1.2: Broadband polarization-sensitive achromatic metalenses operat-
ing in reflection mode. (a) Schematic of a nanopillar-based achromatic metalens
that focuses a collimated light beam into a spot [28]. (b) Schematic of an IRUs-based
achromatic metalens operating in the NIR [29].

ered the entire visible region (400− 660 nm) in transmission mode [30]. The fabricated

metalens reached an average efficiency of about 40% with NA = 0.106. To satisfy the

phase compensation required for achromatic focusing, the authors utilized waveguide-

like resonant modes in the GaN nanostructures. In a different approach, Chen et al.

corrected chromatic aberrations by simultaneously controlling the phase, group delay

and group delay dispersion (see section 2.2 for a more detailed explanation) of light by

the judicious design of nanofins on a surface (Fig. 1.3b) [31]. This is distinct from the

strategy mentioned previously in [29], where the authors employed plasmonic resonances

and neglected the group delay dispersion. The proposed metalens (NA = 0.2) operated

between 470− 670 nm with an efficiency of 20% at 500 nm.

The transmissive metalenses introduced so far are limited to incident light of one par-

ticular polarization. Initial studies on broadband polarization-insensitive achromatic

metalenses were carried out in [32]. The authors prepared a library of isotropic meta-

atoms with complex cross-sectional geometries to satisfy the phase requirements at all

design wavelengths - a crucial step for realizing achromatic metalenses across wide band-

widths. Notably, by introducing meta-unit geometries with four-fold rather than just

rotational symmetry [33, 34, 28], Shrestha et al. could enhance the degrees of freedom for

fine-tuning the dispersion without sacrificing the polarization-independent performance.

The experimentally demonstrated metalenses reached polarization-independent focus-

ing efficiencies up to 50% with a near-constant focal length over 1200 − 1600 nm (Fig.

1.4a). While employing isotropic nanostructures circumvents the polarization sensitivity

in metalenses, an essential degree of freedom for engineering the dispersion is lost. In a
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Figure 1.3: Broadband polarization-sensitive achromatic metalenses operating
in transmission mode. (a) Optical image of the transmissive achromatic metalens.
The SEM images show the GaN-based IRUs at different positions of the metalens (indi-
cated by the dashed square in the optical image) [30]. (b) Schematic of the TiO2-based
metalens building block and SEM image of the fabricated metalens at a specific region
[31].

subsequent study, Chen et al. [35] showed that simultaneous polarization-independent

focusing was indeed possible using anisotropic nanostructures. They overcame the un-

wanted polarization sensitivity by limiting the rotation angle of their anisotropic nanofins

to 0 and 90 degrees (Fig. 1.4b). The reported polarization-insensitive metalens operated

at wavelengths ranging from 460− 700 nm with an efficiency of 35%.

Figure 1.4: Broadband polarization-insensitive achromatic metalenses. (a) SEM
image of the fabricated metalens using meta-unit geometries with four-fold symmetry
[32]. (b) Layout of one quadrant of the metalens using anisotropic nanofins as building
blocks [35].

The most recent developments at the time of writing have led towards achromatic met-

alenses with higher focusing efficiencies and broader working bandwidths. In [36], an
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achromatic polarization-insensitive metalens with average efficiencies of over 70% in the

continuous band from 640 − 1200 nm was reported (Fig. 1.5a) - thereby showing a sig-

nificant improvement over the aforementioned state-of-the-art metalenses. Achromatic

performance crucially depends on the achieved group delays by the metalens nanos-

tructures. Previous efforts have focused on two-dimensional meta-atoms with exotic

shapes and high aspect ratios to sufficiently control the dispersion. By contrast, in [8],

the authors relaxed the height constraint adopted by most metalenses and gained an

additional degree of freedom by accessing 3D geometries using multiphoton instead of

grayscale lithography and etching processes (Fig. 1.5b). The proposed metalenses ex-

hibited polarization-insensitive achromatic focusing over the broad spectral region from

1000 to 1800 nm with average efficiencies greater than 60% and maximum efficiencies of

up to 80%. Finally, to further illustrate the benefits of embracing true 3D geometries for

planar optics, Balli et al. designed and fabricated achromatic metalenses operating from

the visible to the short-wave infrared, 450−1700 nm, with average focusing efficiencies of

60% [37]. By replacing the nanopillars from their former study [8] with a novel nanohole

structure, they could reduce fabrication difficulties and thereby extend the achromatic

correction towards the visible spectrum.

Figure 1.5: Current state-of-the-art achromatic metalenses. (a) Schematic of the
fishnet-type achromatic metalens and its corresponding unit cell [36]. (b) SEM image of
the proposed hybrid achromatic metalens and a schematic showing the meta-atom [8].

1.3 Machine learning and its applications in photonics

Similar to how advancements in nanofabrication techniques have enabled the realization

of metalenses, affordable data storage and cheaper and more powerful computers have

boosted growth in artificial intelligence (AI) and its subset machine learning. Games

provide a good measure to grasp the rapid pace of progress in AI as they offer a well-
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defined problem with a certain level of difficulty. In 1994 ”Chinook” became the first

computer program to win a world championship in checkers [38]. Three years later,

IBM developed ”Deep Blue” to beat the former world chess champion, Garry Kasparov,

in chess [39]. The trend of AI to tackle games and problems with increasing degrees of

freedom continued, reaching its pinnacle year in 2016 when Google Deepmind introduced

”AlphaGo”, the first computer program to defeat a professional human Go player in Go,

a board game that was known to be the most challenging classical game for AI because

of its complexity [40]. Moving away from the environment of games, AI is gaining

increasing relevance in addressing scientific questions too. Just recently, in 2020, the

AlphaFold project at Google Deepmind has solved a 50-year-old challenge in biology by

demonstrating accurate predictions of how proteins fold based on their genetic sequence

alone [41]. This is a technological breakthrough and shows the potential AI can have,

to accelerate scientific progress and deepen our understanding of the universe.

Very recently, AI has also entered the field of nanophotonics. There, forward modeling

networks have been trained to predict the optical properties of nanophotonic structures,

by effectively approximating Maxwell’s equations instead of solving them as conventional

numerical methods do. As a natural extension to the forward modeling of nanophotonics,

machine learning has also been introduced to solve complex inverse design problems. In

contrast to forward modeling networks, inverse design networks receive as input the

desired optical property and output the corresponding nanophotonic device. Lately,

machine learning-assisted inverse design has gained increasing attention as a powerful

method to design unintuitive photonic devices with unprecedented performances.

1.3.1 Machine learning for forward nanophotonic modelling

The conventional approach for describing the light propagation in nanophotonic systems

relies on solving Maxwell’s equations either analytically [42] or numerically [43] [44]. An-

alytical solutions to electromagnetic waves passing through stratified media can be ob-

tained by the transfer matrix method [45]. Semi-analytical methods such as the rigorous

coupled-wave analysis (RCWA) solve Maxwell’s equations in Fourier space and are well

suited for approximating the light scattering from periodically structured surfaces [46].

However, for photonic systems of higher complexity (e.g. three-dimensional structures),

more sophisticated approaches such as the finite-element (FET) and finite-difference

time-domain (FDTD) method have to be utilized to get an accurate representation of

the physical reality of the system [44]. Both of these methods are based on subdividing
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the considered objects into fine meshes and then solving Maxwell’s equations at each

spatial location [44]. Although these approaches can handle a variety of problems in

nanophotonics, they demand more and more computational resources as increasingly

complex structures are investigated [43].

In recent years, data-driven forward modeling networks have attracted widespread in-

terest as they have been shown to predict the optical properties of nanophotonic devices

much faster than traditional full-wave simulations [47]. The training of these networks

initially demands a training set, which is provided by electromagnetic simulations. Al-

though preparing the training set is computationally expensive, it has to be emphasized

that this is only a one-time cost [48]. Once the networks have successfully learned to

approximate Maxwell’s equations, they can be applied, for example, to accelerate con-

ventional inverse design techniques in nanophotonics [49].

In one of the initial studies on data-driven forward modeling, Peurifoy et al. [47] pre-

sented an artificial neural network (ANN) that could accurately predict the scattering

cross-section spectra of multilayer nanoparticles. The nanoparticles under study were

composed of silica cores with eight alternating TiO2 and silica shells, where each shell

had a thickness between 30−70 nm. The training set for the proposed ANN consisted of

50,000 nanoparticles and their associated scattering responses, which were analytically

obtained via the transfer matrix method. The authors used a fully connected network

that received as input the thickness of each nanoparticle shell and returned as output

the scattering cross-section at different wavelengths of the scattering spectrum (Fig.

1.6a) [47]. Once the training was complete, the ANN’s performance was validated on a

multilayer nanoparticle it had not encountered previously. Strikingly, the approximated

spectra agreed well with the target response from the simulation, even though the ANN

was trained on only 50,000 nanoparticles. Furthermore, by comparing the predicted

response of the target nanoparticle with the closest examples from the training set, the

authors showed that the trained model did not simply interpolate between the data

points but instead learned some of the underlying physics of the system (Fig. 1.6b).

To learn the nonlinear mapping between the input and the output data, machine learn-

ing algorithms rely on a vast amount of labelled data points that reasonably capture the

complexity of the problem. Preparing a sufficiently big training set, however, is time-

consuming and requires computationally expensive numerical simulations. As a possible

solution to reduce the burden of data collection, Qu et al. [50] applied transfer learn-

ing to improve the predictive accuracy of their ANNs trained on a small training set.
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Figure 1.6: Neural network-assisted forward modeling of multilayer nanoparti-
cles. (a) Fully connected neural network receives as input the thickness of each nanopar-
ticle shell and predicts as output the scattering cross section at different wavelengths
between 400 and 800 nm. (b) Spectrum approximation of the neural network. The pre-
diction of the ANN is compared to the real spectrum and the closest spectra from the
training set [47].

Transfer learning is based on utilizing the knowledge obtained from solving one source

task and then applying it to a different but related target task (Fig. 1.7a) [50]. It proves

particularly useful for scenarios in which the source data is large and inexpensive, and

the target data is small and expensive. The authors observed that they could reduce the

predictive error rate by 50.5% when migrating the knowledge obtained from a 10-layer

multilayer film to predict the transmission from an 8-layer film (Fig. 1.7b). Remarkably,

transfer learning could also be applied between physically very different scenarios such

as the scattering from core-shell nanoparticles and transmission from multilayer films.

The error rate of predicting the transmissivity from the 8-layer films was significantly

reduced by 19.7% by reusing the physical rules extracted from the 8-layer nanoparticle

scattering problem. The success of this approach has demonstrated how neural networks

could be combined with transfer learning when the training set is small or difficult to

acquire.

The previously introduced papers approximated the optical properties of simple shapes

with limited geometric degrees of freedom. Inampudi et al. extended the suitability for

machine learning-enabled forward modeling by predicting the response of devices with

arbitrary unit shapes [51]. More specifically, they trained a neural network to predict the

diffraction efficiency (DE) of 13 diffraction orders from an arbitrarily shaped metagrating

atop a reflective surface. The unit cell of the periodic structure was given by a sixteen-
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Figure 1.7: Migrating knowledge between physically similar systems. (a) Knowl-
ege is transferred from 8-layer to 10-layer films. (b) The predicted transmission spectrum
with and without transfer learning. The exact spectra are shown in black [50].

sided polygon, whose shape was determined by the radius coordinates of the sixteen

vertices (Fig. 1.8a). The proposed ANN architecture consisted of three layers in total

and was trained on a data set containing the diffraction efficiencies of 90,000 different

unit cells. The preparation of the training set was carried out using an RCWA solver and

took around 50 hours to complete. After the training was finished, the network could

near-instantaneously identify the trends of the DEs for previously unseen geometries

(Fig. 1.8b).

Figure 1.8: Forward modeling of devices with arbitrary shapes. (a) Schematic of
the metagrating based on a 16-sided polygon unit cell. (b) Comparison of the predicted
(dotted line) and simulated DEs (solid line) of three diffraction orders along the (θ, φ)
direction for square-shaped unit cells [51].

In a similar attempt to extend the accurate forward-modelling to more complicated

shapes, Sajedian et al. proposed a model composed of both a convolutional and a

recurrent neural network to find the absorption spectra of plasmonic structures based

on 2D images [52]. The ResNet-type convolutional neural network [53] analyzed the

input images and passed critical spatial features to the recurrent neural network, which



1.3. MACHINE LEARNING AND ITS APPLICATIONS IN PHOTONICS 19

was taught to find the correlation between the extracted features and the absorption

spectra. The combined networks were trained on a data set consisting of 100,000 random

structures connected to their associated responses via the commercial FDTD simulation

package Lumerical. Once the model was trained, it could almost perfectly reproduce

the 10,000 absorption spectra from previously unseen structures within a fraction of a

second (Fig. 1.9).

Figure 1.9: Results of applying the trained forward-modeling network on pre-
viously unseen structures. The absorption spectra obtained from the simulation
(solid blue line) are compared to the predictions of the deep learning model (dotted
orange line). The trained model reproduces the absorption spectra of almost all 10,000
structures perfectly [53].

1.3.2 Machine learning nanophotonic inverse design

Most of the early breakthroughs in nanophotonics have been achieved with designs based

on scientific intuition, experience obtained from prior practice and knowledge acquired

from simplified analytical models. For example, it is commonly known that polariza-

tion sensitivity can be introduced in symmetrical nanoparticles by elongating one of the

sides or that ring-like structures support strong magnetic resonances when the incident

magnetic field is perpendicular to the ring. Apart from structures obtained from phys-

ical intuition, several photonic designs have been derived from analytical models. For

instance, the optical properties of spherically shaped plasmonic or dielectric nanopar-

ticles can be accurately described by Mie theory [54]. Following these physics-inspired

guidelines, early nanophotonics research has achieved breakthrough performances with

devices such as the split ring resonator [55], gammadions [56], bowtie- [57] and V-shaped

antennas [58] to name just a few.

For simple photonic structures with limited degrees of freedom, the designs with the de-
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sired performance can often be found by analytical solutions or by conducting various pa-

rameter sweeps using numerical methods for iteratively monitoring the optical response.

However, as advanced nanofabrication techniques allow for increasingly complex struc-

tures, the parameter space grows and with it the challenge of finding the optimal design

through trial and error increases. For this purpose, various algorithms have been intro-

duced to assist in the design process. Common approaches include evolutionary methods

such as genetic algorithms [59] and particle swarm optimization [60], and gradient-based

methods such as topology optimization [61]. Compared to conventional physics-based

approaches, these techniques open up a much broader parameter space which facilitates

the search for non-intuitive photonic structures with unprecedented performances. How-

ever, as the optimization process often involves hundreds or thousands of electromagnetic

simulations to approach the targeted response, design procedures based on optimization

algorithms are inevitably slow and computationally expensive. Moreover, in the case

that the optimization goal has to be adjusted during the design process (e.g. because

of added fabrication constraints), the whole optimization has to be carried out once

again [44]. Machine learning-assisted inverse design seeks to overcome the drawbacks of

conventional optimization methods. Unlike optimization-based approaches, data-driven

methods can extract useful information from large datasets. Once an inverse design

network has learned the complex relationship between the input and the output data, it

can predict new structures almost instantaneously.

The comparatively higher optimization speed in data-driven methods over numerical

inverse design algorithms was highlighted by Peurifoy and his group. After they success-

fully trained their ANN to approximate the light scattering from multilayer nanoparticles

(as discussed in subsection 1.3.1), the authors attempted to solve the inverse design prob-

lem by running the ANN backwards [47]. More specifically, they fixed the weights of the

ANN and set the output to the desired spectrum. Subsequently, they used backpropa-

gation to iterate through the input geometries that most closely reproduced the result.

Fig. 1.10a shows that the nanoparticle predicted by the ANN approached the desired

spectrum much closer than the interior-point method, i.e. the most effective optimiza-

tion algorithm they could find for this type of problem. Comparing the optimization

runtime of both approaches revealed that the ANN completed the inverse design two or-

ders of magnitude faster than the algorithm. Notably, the runtime in the ANN increased

linearly with the design complexity (i.e. the number of particle shells), whereas for the

numerical method, it increased polynomially (Fig. 1.10b). Lastly, the authors further

demonstrated the suitability of their ANN as an optimization tool by realizing nanopar-
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ticles that satisfied distinct design requirements, such as high scattering for single and

broadband wavelengths [47].

Figure 1.10: Data-driven inverse design of multilayer nanoparticles. (a) Inverse
design of an eight-shell nanoparticle. The solutions of the ANN and the numerical opti-
mization are compared to the desired spectrum in blue. The legend gives the thickness
of each particle shell. (b) Runtime comparison between the ANN and the interior-point
method for different design complexities [47].

Artificial neural networks have also been applied to study the transmission of multilayer

thin films [48]. More specifically, Liu et al. attempted to optimize the thickness of

each of the 16 alternating layers of SiO2 and Si3N4 in their thin film (Fig. 1.11a) to

achieve specific target transmission spectra. As datasets grow to address increasingly

complicated systems, ANNs often fail to converge due to the existence of nonunique

training instances (i.e. vastly different devices can produce similar optical responses). To

overcome this fundamental issue, the authors proposed a tandem architecture consisting

of an inverse design network connected to the input of a pretrained forward modeling

network (Fig 1.11b). The forward modeling network was trained on 500,000 labelled

data pairs to map the designs to the transmission spectra, and its weights were later

fixed in the tandem configuration. The tandem network solved the data inconsistency

problem as the inverse network was not required to reproduce the real designs from the

training set, but instead was forced to converge to devices that minimized the error

between the predicted and target response. The example test result in Figure 1.11c

demonstrates that the spectrum of the designed multilayer film showed good agreements

with the desired response.

In a very similar approach to overcome the non-uniqueness problem, Malkiel and col-

leagues introduced a deep neural network that combined a geometry-predicting-network

(GPN) and a spectrum-predicting-network (SPN) to function both as a fast approxima-
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tor and an inverse design tool for ”H”-shaped gold nanoparticles [62].

Figure 1.11: Inverse design of multilayer thin films. (a) The multilayer film consists
of alternating layers of SiO2 and Si3N4. (b) The tandem network architecture comprises
a forward modeling network and an inverse design network. (c) Comparison of the target
and test response from the tandem network [48].

In the meantime, Ma and coworkers have reported a model comprising two bidirectional

neural networks, denoted as primary and auxiliary network, to achieve the on-demand

design of three-dimensional chiral metamaterials with strong chiroptical responses [63].

The chiral metamaterial under consideration consisted of stacked gold split-ring res-

onators (SRRs) twisted at an angle with a gold reflector at the bottom (Fig. 1.12a).

The meta-atom was fully-determined by the following 5 parameters: the top and bottom

SSR size l1 and l2, the top and bottom spacer thickness t1 and t2 and the twisting angle

α. During the training, the primary network learned the intricate relationship between

the optical spectra and the metamaterial design parameters, whereas the auxiliary net-

work associated the design with the circular dichroism (CD) response. By connecting

the individual networks through an ensembled learning strategy, both the forward pre-

diction and the inverse retrieval of the designs improved significantly. As shown in Fig.

1.12b., the combined network was able to retrieve the design parameters that best fit the

required CD spectrum. Interestingly, the model suggested a near-symmetric structure,

which intuitively should not yield strong chiroptical behaviour.

The machine learning architectures mentioned above fall into the category of discrimi-

native models. Such models are trained on labelled data that captures the complexity of

the problem to infer the relationship between the designs and the associated optical prop-

erties. However, as systems with thousands or more degrees of freedom are considered,

it becomes infeasible to prepare enough data for training. What is more, once a model

is trained, it only provides a single design for a given spectrum, whereby in reality many
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Figure 1.12: Inverse design of 3D chiral metamaterials. (a) Schematic of the
designed chiral unit cell. The inset shows the five design parameters of the single meta-
atom. (b) Desired (red solid line), predicted (blue circles) and simulated (green dashed
line) CD spectra. The inset lists the parameters of the designed chiral meta-atom [63].

different solutions with similar responses would exist [64]. Recently, generative models

such as generative adversarial networks (GANs) and variational autoencoders (VAEs)

have been utilized to reduce the dimensionality of the design space and to enable the

one-to-many mapping of photonic structures [65].

Initial studies for incorporating GANs into the inverse design of metasurfaces were con-

ducted by Liu et al. in 2018 [64]. They proposed an architecture consisting of three

convolutional networks: a generator, a critic and a pretrained simulator. The overall ob-

jective of the generator was to produce realistic structures whose transmittance spectra

resembled the user-defined input spectra. The critic served as feedback to the generator

to produce designs similar to the input geometries. To carry out fast simulations of

the generated patterns, the authors trained a simulator on a dataset containing 6,500

full-wave FEM simulations of metasurfaces with diverse shapes. After the training, the

generator illustrated its competence to perform inverse design by producing a nanos-

tructure that fitted the randomly generated Gaussian-like test spectrum (Fig. 1.13).

In [66], a variational autoencoder (VAE), another type of generative model, was uti-

lized to solve the one-to-many mapping issue commonly present in several supervised

learning schemes. The proposed encoder-decoder network compressed the input struc-

tural designs with their optical responses into a space of reduced dimensionality termed

latent space. From the latent space, the latent variables were stochastically sampled.

By feeding the latent variables and required optical responses into the decoder network,

the authors achieved inverse retrieval of meta-atom geometries with desired properties.
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Figure 1.13: GAN-based inverse design of metasurfaces. (a) Desired transmission
coefficients as the input to the trained generator. (b) Transmittance spectrum of the
generated unit cell structure [64].

Remarkably, due to the flexibility of the sampling process, the group demonstrated struc-

tures with diverse geometries but similar optical properties (Fig. 3.3) and thus overcame

the one-to-many mapping problem in nanophotonic inverse design.

Figure 1.14: Overcoming the one-to-many mapping problem through VAE-
mediated inverse design. Trained VAE enables the design of multiple geometries for
a given reflection spectrum [66].

Lastly, Jiaqi Jiang and Jonathan Fan have incorporated adjoint variable calculations

into a GAN for designing metagratings operating across a wide range of wavelengths

and deflection angles [67]. The hybridization of the data-based and optimization-based

approach produced not only devices with higher deflection efficiencies than conventional

adjoint-based topology optimizations, but it also did so for 10% of the computational

cost.



Chapter 2

Conventional forward modelling

of an achromatic metalens

This chapter begins by examining how the fundamental goal of a lens, directing incident

light into a target point, is realized in conventional refractive lenses and metalenses. Sub-

sequently, a distinction between metalenses based on plasmonic and dielectric materials

is made. The advantages and disadvantages of each type of metalens are discussed, and

their underlying working mechanisms are explained in more detail based on examples

from the literature. The chapter concludes with a comprehensive step-by-step design

process commonly applied in recent state-of-the-art metalenses.

2.1 Design methods of an achromatic metalens

The fundamental objective of a lens, be it a conventional-, diffractive- or metalens, is to

focus incident light beams at a target point [1]. Conventional lenses rely on refraction

to bend the light towards the focal point. Thereby, the phase accumulates via the light

propagating through the lens material. To obtain the required gradual phase change,

conventional refractive lenses rely on polished surfaces with specific shapes.

Metalenses, however, are flat and, as a consequence, have to modify the phase differently.

Contrary to traditional lenses, in metalenses, the phase delays are induced by the inter-

action between the metalens nanostructures and the incident light. In the last few years,

various phase modulating methods have been applied for the design of broadband achro-

25
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matic metalenses across the electromagnetic spectrum. Commonly used phase inducing

mechanisms include resonant effects such as plasmonic resonances and non-resonant ef-

fects such as the propagation or the geometric phase. Typically, achromatic metalenses

are designed based on a combination of several mechanisms. Furthermore, the choice

of material is a critical factor in the design process. The ideal material has both a

high refractive index and is lossless in the spectral region of interest [9]. Depending on

the material composition, metalenses can be divided into either plasmonic or dielectric

metalenses. In the following, the advantages and disadvantages of plasmonic and di-

electric metalenses are listed. Examples of plasmonic and dielectric metalenses from the

literature are given, and their underlying working mechanisms are discussed.

2.1.1 Plasmonic and dielectric metalenses

The early investigations on metalenses concentrated on plasmonic nanostructures, de-

signed to operate near a scattering resonance to introduce the required phase delay [68].

Plasmonic metalenses can be made ultrathin (a fraction of a wavelength) and there-

fore are easier to fabricate than dielectric metalenses that consist of high-aspect-ratio

nanostructures [1]. However, since only the phase delay is corrected without considering

higher-order terms such as the group delay and group delay dispersion (see section 2.2

for a more detailed explanation), most plasmonic metalenses focus only single or a dis-

crete set of wavelengths [69, 70, 71]. Moreover, the focusing efficiencies of the lenses are

severely limited to 25% [72] due to the high intrinsic losses experienced by plasmonic

materials. Consequently, in recent years dielectrics have become the material of choice

for state-of-the-art metalenses, allowing both larger bandwidths and focusing efficiencies

up to 90% [73, 74, 75].

Plasmonic metalenses

Plasmonic metalenses with broadband achromatic focusing capabilities have been re-

ported in [76, 29, 77]. In [76], the authors demonstrated a plasmonic metalens that

compensated for chromatic aberration by leveraging the structure dispersion resulting

from surface plasmon polaritons (SPP) in a metal-insulator-metal (MIM) waveguide

(Fig. 2.1a). The proposed metalens proved both in theory and numerical simulations

achromatic performance at a wavelength ranging from 1000 and 2000 nm.

When TM polarized light impinges onto a MIM slit of subwavelength width, only the
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SPP mode exists [76]. The phase retardation can be modulated by varying the SPP

propagation constant inside the silver nanoslit-waveguides. By solving Maxwell’s equa-

tion under appropriate boundary conditions, an expression for the SPP propagation

constant β can be derived [78]:

tanh

(√
β2 − k2

0εdw

2

)
= −εd

√
β2 − k2

0εm

εm
√
β2 − k2

0εd
, (2.1)

where k0 is the optical wave vector in free space, w is the width of the slit, and εd and

εm are the dielectric and metal related permittivities, respectively. The permittivity of

the metal εm(ω) is given by the Drude model [78]:

εm(ω) = ε∞ −
ω2
p

ω2 + iωγ
, (2.2)

where ε∞ is the permittivity at infinite angular frequency, ω is the frequency of the

incident radiation, ωp is the plasma frequency of the free electron gas and γ is the

collision frequency. By considering only frequencies ω � ωp and ω � γ, the permittivity

εm(ω) can be approximated to [76]:

εm(w) ≈ −
ω2
p

ω2
� −1. (2.3)

Inserting equation 2.3 into 2.1, simplifies the propagation constant β as follows [76]:

β =
2π

γ

√
εd

(
2c

ωpw
+ 1

)
= constant. (2.4)

The phase retardation ∆ϕ experienced by electromagnetic waves traversing the subwave-

length metallic slits, is defined as [79]:

∆ϕ = 2mπ + Re(βh) + θ, (2.5)

where h represents the length of the nano-slit waveguides and θ = arg

[
1−

(
1−β/k0
1+β/k0

)2
ei2βh

]
describes the multiple SPP reflections that occur between the entrance and exit inter-

faces [79]. However, according to the numerical simulations conducted by the authors,

the phase shift ∆ϕ is mainly affected by the Re(βh) factor. Equation 2.5 thus shows that

the phase retardations can be controlled by altering the slit widths w and slit lengths h

of the MIM waveguides.
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Based on these findings, Li et al. numerically simulated a nanoslit-based metalens con-

sisting of 51 slits of constant length and varying widths. The period of the MIM unit cell

was set to 200 nm and the phase distribution was designed for a focal length of f = 5 µm.

The achromaticity of the plasmonic lens becomes apparent from Fig. 2.1b, in which a

near-constant focal length is shown for different wavelengths of light. Even though the

MIM waveguides maintain a nearly constant effective index of refraction over the entire

bandwidth, with a diameter of approximately 10 um the lens is small and challenging

to fabricate. In addition, the focusing efficiency of the metalens was not reported. How-

ever, plasmonic metalenses usually suffer from high optical losses and reflections at the

surface, which greatly inhibit the efficiency of the lens [9].

Figure 2.1: A nanoslit-based achromatic metalens. (a) Side view of the plasmonic
metalens. 51 MIM waveguides, as shown in the inset, were selected to achieve broadband
achromaticity. (b) Focal length of the designed metalens at different wavelengths. The
insets show the electric field intensity |E|2 distributions at λ = 1000, 1500 and 2000 nm
[76].

In a different approach, Wang et al. [29] realized broadband achromaticity by com-

bining the geometric phase with the smooth and linear phase dispersion from metallic

integrated-resonant unit elements (IRUs). As target phase for their metalens, the au-

thors selected the hyperbolic phase profile given by:

ϕ(R, λ) = −
[
2π
(√

R2 + f2 − f
)] 1

λ
(2.6)

where R is the radial distance to the center of the lens, λ is the working wavelength in free

space and f is the designed focal length. They proceeded by splitting the required phase

retardation in equation 2.6 into a wavelength-dependent and wavelength-independent
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term:

ϕLens(R, λ) = ϕ(R, λmax) + ∆ϕ(R, λ) (2.7)

with

∆ϕ(R, λ) = −
[
2π
(√

R2 + f2 − f
)]( 1

λ
− 1

λmax

)
(2.8)

and with λmin and λmax being the boundaries of the wavelength band of interest. The

wavelength-independent phase profile, ϕ(R, λmax), is realized by modulating the geo-

metric or Pancharatnam–Berry phase [80, 81], which originates from the rotation of the

anisotropic IRUs when illuminated by circularly polarized light. In contrast, the latter

term in equation 2.7, ∆ϕ(R, λ), has a linear relation with 1/λ, and can be obtained by

tuning the integrated-resonant phase response of each unit element. Since both modula-

tion methods work independently from each other, they can be applied simultaneously

[29] to correct the chromatic aberration. As building blocks for the metalens, the au-

thors used coupled metallic nano-rods that support various plasmonic resonances such

as the fundamental dipolar mode and several higher-order modes. However, when the

plasmonic resonances are excited, an abrupt phase shift occurs, which does not satisfy

the linear phase difference ∆ϕ(R, λ) from equation 2.8. To overcome this issue, the

authors concentrated on the near-linear phase distribution between the resonant modes

for the chromatic correction [29].

Following this strategy, they experimentally realized a metalens, shown in Fig. 2.2a, with

a diameter of 55.55 µm, a designed focal length of 100 µm and broadband achromaticity

in the NIR between 1200−1680 nm. Fig 2.2b illustrates the close agreement between the

measured and simulated light intensity profiles along the cross-section plane and high-

lights that the focal spot remains at a near-constant 100 µm for all measured wavelengths

[29]. Nevertheless, the proposed plasmonic metalens achieved a maximum focusing effi-

ciency of only 12% and operated in reflection mode. Since transmissive optical devices

are more suitable for practical applications, in the following, two dielectric-based met-

alenses operating in transmission mode are presented.

Dielectric metalenses

In their seminal paper of 2018 [32], Shrestha et al. constructed polarization-independent

achromatic metalenses with the assistance of a design libary consisting of numerous

meta-units with complex cross-sectional geometries. Rather than incorporating plas-

monic resonances, the authors utilized diverse waveguide modes in their isotropic nanos-
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Figure 2.2: A broadband plasmonic metalens operating in reflection mode. (a)
SEM image of the fabricated metalens. (b) Experimental (top row) and numerical (bot-
tom row) intensity profiles of the plasmonic metalens for different incident wavelengths
[29].

tructures for phase- and dispersion control. In the waveguide model, the propagation

phase, φ(ω,H), is written as follows:

φ(ω,H) =
ω

c
neff (ω)H, (2.9)

where ω is the angular frequency of light, neff is the effective index of refraction, H is

the height of the meta-unit and c is the speed of light. The dispersion or group delay is

given by the derivative of the propagation phase with respect to the angular frequency:

dφ(ω,H)

dω
=

1

c

(
neff(ω) + ω

dneff(ω)

dω

)
H. (2.10)

Thus, the maximal range of group delays ∆Φ′ covered by a meta-unit library is given

by [32]:

∆Φ′ =

(
dφ

dω

∣∣∣∣
ωmax

− dφ

dω

∣∣∣∣
ωmin

)
=

1

c
(neff (ωmax)ωmax − neff (ωmin)ωmin)H. (2.11)

As the meta-unit height H and the speed of light c are constant, the group delay dφ
dω

is mainly influenced by the effective refractive index neff(ω), which can be altered by

the transverse dimensions of the nanostructures. Since the group delay required at the

center of the metalens monotonically increases with the lens radius, an upper bound for
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the radius Rmax can be derived [32]:

Rmax ≤
∆Φ′c

∆ω
(

1
NA −

√
1

NA2 − 1
) , (2.12)

which for a numerical aperture of NA� 1 reduces to

RmaxNA∆ω ≤ 2c∆Φ′. (2.13)

Equation 2.13 illustrates that the basic properties of the metalens such as the radius,

NA and spectral bandwidth correlate with each other and are limited by the range of

group delays provided by the meta-unit library.

To meet the challenge of extending the range of dispersive responses as much as possi-

ble, the authors developed three different meta-unit libraries (referred to as Generation

1A, 1B and 2). Generation 1A (Fig. 2.3a) comprises singular and annular pillars and

concentric rings made out of amorphous silicon with a height of 800 nm. Strikingly, by

increasing the height of the nanostructures to 1400 nm (Fig. 2.3b), the dispersion range

doubled in the Generation 1B library (Fig 2.3e). Lastly, to provide even more degrees of

freedom for engineering the dispersion, the authors introduced the Generation 2 library,

which has the same height as Generation 1B but uses geometries with fourfold symmetry

rather than just rotational symmetry (Fig. 2.3c).

To evaluate the impact of the meta-unit libraries on the metalens performance, they

subsequently fabricated metalenses based on all three generations of libraries [32]. The

authors attributed the limited performance of the Generation 1A metalens to the insuf-

ficient group delay range covered by the 800 nm tall nanostructures (Fig. 2.3d). The

metalens based on the Generation 1B library yielded achromatic performance across

1200 − 1650 nm and had a diameter of 200 µm (NA ≈ 0.13) (Fig. 2.3g). Lastly, by

using the Generation 2 library, a metalens with an increased NA of 0.88 but a reduced

bandwidth of λ = 1200− 1400 nm was constructed (Fig. 2.3h).

A change in the material platform from amorphous silicon to TiO2 has enabled Chen

et al. for the first time to accomplish broadband achromaticity over the entire visible

spectrum [31]. They were able to engineer the target phase profile ϕ(r, ω) by separately

tuning the group delay ∂ϕ
∂ω and group delay dispersion ∂2ϕ

∂ω2 of each nanostructure, in-

dependently from its phase ϕ(r, ωd) [31]. More specifically, the required phase profile

was realized based on the wavelength-independent geometric phase [80, 81], whereas the
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Figure 2.3: A dielectric-based polarization-insensitive achromatic metalens.
(a)-(c) Schematics showing the different meta-atom archetypes used for building the
Generation 1A, 1B and 2 meta-unit libraries. (d)-(f) Calculated phase Φ0, of the largest
wavelength λ = 1.6 µm and dispersion ∆Φ = dφ

dω∆ω, of each meta-atom in the Generation
1A, 1B and 2 libraries. (g), (h) SEM images of the fabricated metalenses using the
Generation 1A (g) and Generation 2 (h) meta-atoms, respectively. [32].
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metalens dispersion was corrected via the different waveguide modes forming within the

nanostructures. To more easily fulfil the multiple conditions of phase, group delay and

group delay dispersion at each lens coordinate, they increased the degrees of freedom

in their meta-atom design by utilizing coupled phase-shift elements, i.e. two anisotropic

nanofins in close proximity (Fig 2.4a). The optical response of a single TiO2 nanofin

agrees well with the one of a truncated waveguide. A small change to equation 2.9 has

to be made, however, since linearly polarized light experiences different effective indices

of refraction, nl and ns, depending on whether it passes through the short or long axes

of the nanofin:

φ l,s(ω, h) =
ω

c
n l,s (ω)h. (2.14)

The complex transmission coefficients along the long and short axes, tl and ts, can be

written as [9]:

t l,s = |t l,s| exp

[
i
2π

λ
(nl,s − 1)h

]
, (2.15)

where h is the height of the nanofin and λ is the incident wavelength in vacuum. Under

circularly polarized light illumination (1 ± i)T (the positive sign denotes left-handed

polarized light), the transmitted electric field can be described by the Jones vector

[9, 82]:

tl + ts
2

[
1

±i

]
+
tl − ts

2
e±i2α

[
1

∓i

]
. (2.16)

Part of the transmitted light flips its polarization state and receives an additional phase

shift of arg
(
tl−ts

2

)
± 2α, where 2α is the wavelength-independent geometric or Pan-

charatnam–Berry phase [80, 81], equal to twice the rotation angle of the nanofins. This

part of the transmitted light is known as the cross-polarization. The remaining part, the

co-polarization, maintains its polarization state and acquires a phase shift of arg
(
tl+ts

2

)
,

where arg refers to the argument of a complex number [9]. Since the geometric phase

2α is independent of the wavelength, it allows the decoupling of the target phase from

the required group delay and group delay dispersion. Moreover, it enabled the authors

to impart a relative phase delay from 0 to 2π by purely rotating the nanofins (Fig 2.4c)

[9, 31].

For the design of the achromatic metalens, the authors proceeded similarly to Shrestha

et al. [32] by selecting from a library the nanofin dimensions that closest match the

phase and dispersion requirements. The fabricated metalens demonstrated diffraction-

limited achromatic focusing from 470 to 670 nm with an efficiency of up to 20% and NA

of 0.2. Because the acquired geometric phase depends on the helicity of the incident
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light, geometric phase-based metalenses are generally polarization-insensitive (equation

2.16) [9]. In a later work, however, the group overcame the polarization sensitivity

by restricting the rotation angle of the anisotropic nanofins to 0 and 90 degrees, thus

eliminating the conjugate values resulting from the geometric phase [35]. Lastly, the

proposed metalens implemented nanofins that achieved a group delay range of about

5 fs. An extended group delay range - a crucial necessity for realizing lenses with larger

diameters, bandwidths and NAs (see equation 2.13) - was obtained in recent state-of-

the-art metalenses with more complex nanostructures of varying heights [8, 36, 37].

Figure 2.4: Dielectric-based achromatic metalens operating in the visible re-
gion. (a) Schematic of the TiO2 nanofin. Each unit cell consist of one or more nanofins,
which can vary in the transverse dimension (length and width) and rotation angle α, but
stay constant in height (h = 600 nm) and pitch (p = 400 nm). (b) SEM image of a region
on the fabricated metalens. (c) Phase as a function of the frequency for a single nanofin
(l = 250 nm and w = 80 nm) and varying rotation angles α. (d) Measured intensity
distributions of the achromatic metalens in linear scale in the x− z plane [31].

2.2 Principle of achromatic focusing

The design process of a broadband achromatic metalens typically consists of the follow-

ing three steps: First, the target phase profile ϕ(r, ω) at a design frequency ωd needs to

be computed (r represents the radial distance from the metalens center). Afterwards,

a library containing multiple nanostructure geometries together with their optical re-

sponses is developed via electromagnetic solvers. Finally, the nanostructures that fulfil

the phase and dispersion requirements of the target phase the closest are selected out of

the library for each metalens coordinate r [9].
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Calculation of the target phase profile

Depending on the number of aberrations that need to be corrected simultaneously (e.g.

coma, spherical aberration, distortion, astigmatism etc.) [83], advanced ray-tracing

software is necessary to derive an expression for the target phase profile. However,

to focus a broadband beam of light impinging at a right angle onto a metalens into

a diffraction-limited spot, the following analytical expression of the hyperbolic phase

profile is sufficient [69]:

ϕ(r, ω) = −ω
c

(√
r2 + F 2 − F

)
, (2.17)

where r, ω and F = f ·ωn (n = 0 for an achromatic lens) are the lens radial coordinate,

angular frequency, and focal length, respectively. Since the target phase is frequency-

dependent, the metalens has to impart a specific phase profile for each wavelength of

the incident light. Equation (2.17) can be Taylor expanded around a design frequency

ωd which is usually chosen at the center of the bandwidth of interest [9]:

ϕ(r, ω) = ϕ(r, ωd) +
∂ϕ(r, ω)

∂ω

∣∣∣∣
ω=ωd

(ω − ωd) +
1

2

∂2ϕ(r, ω)

∂ω2

∣∣∣∣
ω=ωd

(ω − ωd)2 + . . . , (2.18)

where ϕ(r, ωd) represents the required phase, and ∂ϕ(r,ω)
∂ω and ∂2ϕ(r,ω)

∂ω2 denote the group

delay and group delay dispersion, respectively. These terms can be intuitively understood

by viewing the incoming polychromatic light as individual wavepackets (Fig 2.5). The

required phase directs the wavepackets towards the focal point, whereas the group delay

compensates for the difference in optical path lengths and thus ensures that wavepackets

from different radial coordinates arrive at the focal point simultaneously to constructively

interfere [9]. The group delay must be independent of the wavelength to realize the

correction of the chromatic aberration. In that case, as suggested by Chen et al. [31],

the group delay dispersion and other higher-order terms become negligibly small. An

expression for the group delay can be found by taking the derivative of equation 2.17

with respect to the angular frequency ω of the light:

∂ϕ(r, ω)

∂ω
= −1

c

(√
r2 + F 2 − F

)
. (2.19)

The challenge in the design of a broadband achromatic metalens, is to find nanostruc-

tures that satisfy both the phase ϕ(r, ω) and group delay requirements ∂ϕ(r,ω)
∂ω at every

metalens coordinate r.
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Figure 2.5: Principle of achromatic focusing. To realize achromatic focusing, the
building blocks of a metalens must both satisfy the required phase ϕ(r, ω) and group
delay ∂ωϕ(r, ω) at every radial coordinate r. While the phase ϕ(r, ω) directs the incoming
wavepackets towards the focal point, the group delay ∂ωϕ(r, ω) ensures simultaneous
arrival.

Development of a design library

Once the target phase has been determined, the next step is to develop a library of

nanostructures with their corresponding phases and group delays. The linkage between

a specific meta-atom geometry and its optical response is generally established through

rigorous coupled-wave analysis, finite element methods, or finite-difference time-domain

methods [1]. With regard to the choice of the nanostructure, initial metalenses were made

out of deeply subwavelength meta-atoms that modulated the phase based on resonant

effects [68]. These metalenses suffered from severe chromatic aberrations and operated

at single frequencies only [69, 70, 71], since the derivate terms in equation 2.18 were not

considered. In contrast, commonly used nanostructures today have thicknesses on the

order of the wavelength and function similar to truncated waveguides [68]. To expand

the nanostructure library and therefore facilitate the implementation of the target phase

profile, the trend in state-of-the-art metalenses is going towards more complicated meta-

atom geometries with high aspect ratios. Examples of nanostructures with increased

geometric degrees of freedom include coupled nanofins [35], isotropic nanopillars with

fourfold symmetry [32], cross-circle waveguides [36] and nanopillars of variable heights

[8].
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Brutal force-based meta-atom selection

In the last step of the metalens design, an optimization algorithm selects a nanostructure

from the constructed library, whose phase and dispersion fit the target phase profile

ϕ(ri, ω) as closely as possible. This process is then repeated for every metalens coordinate

r [9]. As metalenses grow larger and reach milimeter- to centimeter-scales [84, 85], the

number of the constituent subwavelength meta-atoms increases significantly and with

it the difficulty in selecting the right structures with conventional brute-force methods.

This thesis therefore examines whether the appropriate nanostructures can be more

accurately and efficiently identified from the design library by leveraging the power of

machine learning.
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Chapter 3

Principle of machine learning

inverse design of an achromatic

metalens

This chapter begins with an overview of the commonly used machine learning techniques

for tackling the inverse design problem in nanophotonics. Here, a distinction between

discriminative and generative models will be made and the weaknesses and strengths

of each learning strategy will be illustrated with examples from the literature. Based

on this knowledge, various machine learning architectures will be investigated to realize

the inverse design of achromatic metalenses. Particular attention will be given to the

decision tree model. It could model the relationship between the metalens building blocks

and the corresponding optical response more adequately than conventionally used neural

network architectures. In the last section of this chapter, the working principle of the

decision tree algorithm will be explained in more detail.

3.1 Inverse design models used in nanophotonics

In recent years, a wide variety of machine learning models have been investigated to

tackle the inverse design of complex nanophotonic structures. In general, two types of

machine learning models are utilized: discriminative and generative models. Discrimina-

tive models predict the probability of a target variable y, given an input x, i.e., P (y|x)

[65]. Since y can be a class label or a continuous variable, discriminative models are

39



40 CHAPTER 3. PRINCIPLE OF MACHINE LEARNING INVERSE DESIGN

commonly used for both regression and classification tasks. To establish the desired

mapping between the input x and the output data y, discriminate models rely on a

labelled training set. In contrast, generative models learn the joint probability distri-

bution of x and y, P (x, y), and usually belong to unsupervised learning schemes where

no labels are required in the training process [65]. One of the advantages of generative

over discriminative models is that they can produce data similar to the existing train-

ing set by sampling from the joint probability distribution P (x, y) [65]. In the context

of nanophotonics, generative models can also assist in reducing the dimensionality of

the design space, which can accelerate global optimization searches [86]. Examples of

frequently used generative models include generative adversarial networks (GANs) and

variational autoencoders (VAEs). Machine learning algorithms such as logistic regres-

sion, support vector machines, decision trees, random forests and neural networks, on the

other hand, are typical discriminative models. In the following, the strength and weak-

nesses of discriminative and generative models will be further illustrated with concrete

examples from the literature.

3.1.1 Discriminative Models

In one of the initial investigations on data-driven inverse design, Peurifoy and colleagues

demonstrated the successful implementation of discriminative machine learning models

for the design of layered photonic structures [47]. More precisely, they reported a fully

connected neural network (FCN) architecture that could accurately predict the light

scattering of multilayer nanoparticles consisting of silica cores with eight alternating

TiO2 and silica shells (Fig. 3.1a). Additionally, they proposed a solution to the inverse

design of multilayer nanoparticles by running their trained forward modeling network

backwards. Before going into more details on the employed model architecture, the

working principle of an FCN is briefly discussed.

In general, a fully connected neural network consists of one input layer, one or several

hidden layers, and one output layer [49]. Each layer consists of multiple neurons that

connect to the neurons of the adjacent layer. The single neurons perform certain trans-

formations to the input data through their associated weights and biases and pass the

output along to the next layer of the network. As an example, to find the output of

the jth neuron in the mth layer, written as amj , the weighted sum of the outputs from

the previous layer, zmj , needs to be computed and modified by a nonlinear activation
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function, denoted as σ(·) [49]:

amj = σ

(∑
k

wmjk a
m−1
k + bmj

)
= σ

(
zmj
)
, (3.1)

where wmjk refers to the weight from the kth neuron in the (m − 1)th layer to the jth

neuron in the mth layer, and bmj to the bias of the jth neuron in the mth layer. The in-

corporation of a nonlinear activation function σ(·) was biologically inspired by the rate of

action potential firing inside a brain cell [87] and is critical for enabling neural networks

to solve nontrivial problems. Thanks to the introduced nonlinearity, neural networks

comprising only two hidden layers are theoretically proven to fit any continuous func-

tion, according to the universal approximation theorem [88]. Commonly used activation

functions include the sigmoid, σ(x) = 1
1+e−x , the hyberbolic tangent, tanh(x) = ex−e−x

ex+e−x ,

and the rectified linear unit (ReLU), max{0, x} = x 1x>0. The process of passing the

input data from one layer to the next is continued until the output layer is reached, and

the predictions from the output neurons are retrieved (forward pass) [49]. To measure

the network’s prediction error, a cost function C(·) is defined, which computes the dif-

ference between the desired and the actual output of the network [49]. Subsequently,

the backpropagation learning algorithm traverses the network from the output to the

input layer to measure the error contribution from each neuron [89]. The connection

weights are finally adjusted to reduce the error from the previous forward pass. Typi-

cally, the training of neural networks involves numerous weight updates till a satisfactory

performance is achieved.

Coming back to the work of Peurifoy et al., a fully connected neural network consisting

of one input and one output layer and additional four hidden layers was adopted. The

FCN received as input the normalized (zero mean and unit variance) thickness of each

nanoparticle shell and predicted as output the scattering cross-section for 200 points

between 400 and 800 nm. For nanoparticles with two alternating layers, they selected

100 neurons per hidden layer. To model the optical response of particles with ten shells,

the authors increased the network size to 300 neurons per hidden layer. The training set

of the FCN consisted of 50,000 nanoparticles and their associated scattering responses,

previously obtained from the transfer matrix method. As a cost function, they chose

the mean square error, and it took around 1,000 to 2,000 weight updates until the

model’s performance stopped improving. Once the model was trained to approximate

the light scattering from multilayer nanoparticles, the authors attempted to solve the

inverse design problem by fixing the weights of the network and setting the output to the
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desired response. The input was set as trainable and was modified by backpropagation

until the geometry that reproduced the desired result was suggested. Results indicated

that for nanoparticles with five to ten shells, the FCN could solve the inverse design

more accurately and more quickly than conventional optimization algorithms [47].

Another successful implementation of FCNs was reported by Liu et al. [48], who pro-

posed a tandem architecture consisting of a pretrained forward modeling network con-

nected to an inverse design network to study the transmission of multilayer thin films.

Importantly, by combining both FCNs, they could successfully overcome the nonunique-

ness problem that negatively affects the training of neural networks and typically arises

when more complicated systems with larger datasets are considered. To build the tandem

network, the authors began by training a forward modeling network that maps a design

(i.e. the thickness of each layer of the thin film) to its associated transmission spectrum

[48]. Later, in the tandem configuration, the weights of the pretrained forward modeling

networks were fixed, and the weights of the inverse design network were trained to min-

imize the cost function defined as E = 1
2

∑
i(ri−σi)2. Here, ri ∈ R = [r1, r2, . . . , r200] is

the target response taken as the input to the tandem network, and σi ∈ [σ1, σ2, . . . σ200] is

the approximated spectrum of the forward modeling part in the output of the combined

network. The inverse network, which produces the designs D in the intermediate layer, is

composed of four layers with 200-500-200-20 neurons per layer (Fig. 3.1b). Crucially, by

not forcing the inverse network to reproduce the real designs from the training set, but

instead asking it to minimize the cost between the target and predicted response from

the forward modeling network, the authors could overcome the nonuniqueness problem.

3.1.2 Generative Models

While discriminative models have shown remarkable accuracy in approximating Maxwell’s

equations, and have demonstrated methods to overcome the data inconsistency in inverse

design problems, it gets increasingly difficult to prepare an adequate training set once

the complexity of the system rises. Moreover, since discriminative models are determin-

istic, they produce only one device for a given optical response and thereby contrast

physical intuition that diverse designs can have similar properties.

To circumvent these drawbacks, Liu et al. incorporated GANs, an unsupervised learning

method, into the inverse design of metasurfaces [64]. The complete architecture consisted

of three convolutional neural networks: a generator and a critic, together constituting



3.1. INVERSE DESIGN MODELS USED IN NANOPHOTONICS 43

Figure 3.1: Nanophotonic inverse design based on discriminative models. (a)
FCN-assisted forward modeling and inverse design of multilayer nanoparticles. Nanopar-
ticles comprise silica cores with alternating layers of TiO2 and silica shells. The forward
modeling network predicts the scattering cross-section at different wavelengths for given
shell thicknesses as the input. For illustration purposes a simplified FCN architecture
is shown [47]. (b) Proposed tandem architecture, composed of a forward modeling net-
work and an inverse design network, for investigating the transmission and design of
multilayer thin films. For illustration purposes a simplified tandem network is shown
[48].

the GAN, and a pretrained simulator (Fig. 3.2). The generator received as input the

spectra T and some noise z and produced an arbitrary pattern of the unit cell structure,

represented as a binary image of 64x64 pixels. The associated transmittance spectra T̂

of the generated metasurface patterns could be retrieved from the simulator, a forward

modeling network that was pretrained on 6,500 full wave FEM simulations. The critic of

the proposed GAN finally compared the generated patterns to the user-defined geometric

data and computed the distance between the two distributions. The overall objective

was to train a generator to produce fabrication-friendly structures with transmission

spectra similar to the user-defined input spectra. To achieve this goal, the weights of

the generator were adjusted to minimize both the loss defined by the simulator (i.e.

the Euclidean distance between the spectra of the generated pattern T ′ and the input

spectra T ) and the critic (i.e. the distance of the distributions between the geometric

data and the generated pattern). The role of the critic was essential, as it restricted the

generator to construct patterns that resembled the user-defined input geometries. After

the training was complete, the authors demonstrated the performance of the generator

by designing a unit cell structure that successfully replicated a randomly generated

Gaussian-like response [64].

In [66], a variational autoencoder (VAE), another class of generative models, was used to

tackle the inverse design of metamaterials and solve the one-to-many mapping problem
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Figure 3.2: GAN mediated inverse design of metasurfaces. The architecture
of the proposed network consists of a generator, a critic and a pretrained simulator.
The generator accepts the spectra T and noise z as input and aims to produce images
of realistic designs. The critic compares the generated with the actual patterns and
computes the distance l between the distributions of the two sets of geometries. The
pretrained simulator approximates the optical response T̂ of a given structure [64].

prevalent in deterministic learning schemes.

To facilitate the understanding of the proposed model architecture, the working principle

of VAEs is briefly discussed. VAEs fundamentally consist of an encoder-decoder network.

The encoder compresses the input data x into a predefined prior distribution p(z|x) (e.g.

a standard Gaussian distribution) over the latent space (i.e. the space representing

the compressed data). Afterwards, a point z (also denoted as a latent variable) is

stochastically sampled from the latent distribution p(z|x). The decoder then attempts

to reconstruct the initial input data, x ∼ d(z), from the sampled point z [90]. VAEs are

often referred to as probabilistically generative models due to the fact that the encoders

model the input as a distribution p(z|x) over the latent space instead of a single point z

[90].

To realize the VAE, Ma and coworkers proposed an architecture composed of three

submodules: the recognition model, the prediction model and the generation model

[66]. As shown in Fig. 3.3b, said submodules were implemented by four neural net-

works, namely a feature extraction network, a prediction network, a recognition network

and a reconstruction network. The recognition network, which served as the aforemen-

tioned encoder, compressed the input data into a standard Gaussian distribution over

a low-dimensional latent space. Here, as input data, a metal-dielectric-metal sandwich

structure (as shown in Fig. 3.3a), represented as a 2D binary image of 64x64 pixels, and
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its associated reflection coefficients Rxx, Ryy and Rxy were considered. The prediction

model was used for quickly approximating the reflection spectra of the metamaterials.

The generation model, operating as the decoder of the VAE, finally produced the new

designs when fed with the latent variables (previously sampled from the latent space)

and the desired optical response. Crucially, due to the stochasticity of the sampling pro-

cess, the decoder allowed the design of multiple geometries for fixed optical requirements

and thereby provided a solution to the one-to-many mapping issue [66]. Compared to

the GAN approach mentioned earlier, the proposed VAE did not rely on a pretrained

simulator for the inverse design. What is more, the latent space representation of the

structural designs and the corresponding optical responses could potentially be explored

to more intuitively understand the complex design-performance relationship in nanopho-

tonics [66].
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Figure 3.3: VAE-based forward modeling and inverse design of metal-
dielectric-metal nanostructures. (a) Both structural designs and optical responses
are encoded into a low-dimensional latent space with a predefined Gaussian distribution.
Latent variables are sampled from the latent space and are utilized for inverse genera-
tion. (b) Three submodules, a recognition model, a prediction model and a generation
model consitute the complete architecture of the proposed VAE and are formed by four
different neural networks. The recognition model compresses the structural designs and
the corresponding optical responses into a latent space. The prediction model approxi-
mates the optical response of the investigated metamaterials and the generation model
produces a design based on a sampled latent variable and a required optical response
[66].
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3.2 Comparison between neural networks and decision tree

methods for the inverse design of an achromatic met-

alens

Although generative models have shown great potential in producing unintuitively shaped

metasurfaces with promising optical performances, this thesis is primarily concentrated

on utilizing discriminative models to achieve the inverse design of achromatic metalenses.

To successfully carry out the inverse design, discriminative models need to establish the

linkage between the metalens building blocks and their associated optical responses. In

the following chapter, this linkage will be obtained by training a machine learning model

on a design library consisting of numerous meta-atom geometries and their correspond-

ing phase ϕ and group delay responses ∂ϕ
∂ω . The meta-atoms used to build up this library

are symmetric and asymmetric (square- and rectangular-shaped) nanopillars of varying

heights. As shown in Fig. 3.4, the employed nanopillars are fully characterized by the

incident wavelength λ, the pitch P, the height H, the length L and the width W . By

exploiting three-dimensional instead of the commonly used planar geometries, one gains

both an added degree of freedom for fine-tuning the dispersion and, more crucially, an

increased capability for modulating the group delays. As the nanopillars can be treated

as truncated waveguides, their group delays increase linearly with the pillar heights,

whereas the slope of the group delays is controlled by the transverse dimensions (length

and width) of the nanopillars (see equation 2.1.1). Once a machine learning model has

been successfully trained on the design library, it can near-instantaneously predict the

nanostructures fitting a predefined target phase ϕ and group delay profile ∂ϕ
∂ω .

During the course of this work, different machine learning algorithms have been tested

on their ability to map the meta-atoms to their corresponding optical properties. Initial

investigations have been conducted based on neural networks since they have a proven

track record of success in solving inverse design tasks in nanophotonics. Fig. 3.5 summa-

rizes the three main architectures that were implemented. The first architecture (Fig.

3.5a) consisted of a fully connected neural network with three input neurons for the

optical response (i.e. the phase, the group delay and the transmitted amplitude) and

five output neurons for the design parameters of the nanopillar (i.e. H,L,W,P and λ).

Between the input and the output layer, there were additional four hidden layers with

1024 neurons each. The second architecture, shown in Fig. 3.5b, was inspired by the

work of Peurifoy et al. [47] (see subsection 3.1.1) and consisted of the pretrained forward

modeling network shaded in blue. Since the input layer did not contain any trainable
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Figure 3.4: Schematic of the 3D meta-atom. The nanopillar is characterized by
its height H, length L, width W and pitch P . To build the design library, multiple
nanopillar geometries were simulated at different incident wavelengths, λ, of light.

weights, an additional dense layer (coloured in red) was added to the network from

which the designs could be retrieved. For the last architecture (Fig. 3.5c), a tandem

network, as it was introduced by Liu et al. [48] (see subsection 3.1.1), was employed. In

this architecture, a pretrained forward modeling network was combined with an inverse

design network. Here, the predicted designs could be retrieved from the intermediate

layer shown in red.

Despite their prior success in inverse design problems, neural networks were not able to

predict the nanopillars based on their optical responses with sufficient accuracy. Instead,

it was discovered that decision trees were much more successful in modelling the design-

performance relationship. Besides an increased accuracy in predicting the nanopillars,

decision trees trained much faster1 than neural networks. An additional advantage

of the decision tree is that it allows for easy interpretability of its predictions, as will

become apparent in the next section [89]. Such models are often referred to as white-box

models. In contrast, neural networks are generally considered black-box models because

it is usually hard to explain why they made their predictions [89]. Finally, when deciding

1Without considering any hyperparameters, the decision tree completed the training in approximately
one second on a MacBook Pro 2015 with an 2,7 GHz Dual-Core Intel Core i5 processor. By contrast,
the neural networks described in Fig 3.5 took several hours to carry out 1,000 iterations of training on
the latest NVIDIA Tesla P100 graphics card provided by the Leibniz Supercomputing Centre.
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Figure 3.5: Failed attempts of solving the inverse design with neural networks.
(a) Neural network architecture comprising one input and one ouput layer and four
hidden layers, with 1024 neurons per layer, in between. Here, R denotes the desired
optical response and D refers to the predicted nanopillar design. (b) Inspired by the
work of Peurifoy et al. [47], an architecture containing a pretrained forward modeling
network was utilized. (c) Tandem architecture, in which the output of an inverse design
network is connected to the input of a pretrained forward modeling network [48].
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which machine learning algorithm to apply for a given task, some valuable insight can

be extracted from Kaggle, a website hosting data science competitions with more than 6

million users worldwide. By evaluating the winning solutions, Kaggle’s CEO concluded

that while neural networks appear to be best suited for unstructured data (i.e. audios,

images and videos), tree-based algorithms shine for structured data (i.e. tabular data

as used in this work) [91, 92].

3.3 Principle of a decision tree-based algorithm

Before applying the decision tree for the metalens design, it is crucial to understand its

underlying working principle first. The decision trees are implemented with the machine

learning library scikit-learn [93], which applies the Classification and Regression Tree

(CART) algorithm to train (or ”grow”) its trees [89]. At the beginning of the training

process, the CART algorithm starts by splitting the training set (e.g. the design library)

into two subsets using a single input feature k (e.g. the phase or the group delay) and

a threshold tk (e.g. group delay < 13 fs) [89]. The algorithm essentially subdivides the

data by asking a true or false question. But it does not ask any arbitrary true or false

question, but the ones that produce the subsets with the smallest mean squared error

(MSE). More specifically, the CART algorithm chooses the pair of (k, tk) that minimize

the cost function given by

J(k, tk) =
mleft

m
MSEleft +

mright

m
MSEright, where


MSEnode =

∑
i∈node

(ŷnode − y(i))2

ŷnode = 1
mnode

∑
i∈node

y(i)
.

(3.2)

Here, mleft/right is the number of instances in the left/right subset and MSEleft/right is the

mean squared error of the left and right node, respectively [89]. Afterwards, it continues

splitting the subsets in a similar manner. This iterating process stops once the tree has

reached a certain maximum depth (defined by the max depth hyperparameter) or when

it cannot find any splits to further reduce the MSE. The nodes that cannot be divided

into smaller subsets are said to be pure and are referred to as leaf nodes [89].

After the tree has been trained and has developed its full structure, it can be used to

make predictions on previously unseen data points. For instance, suppose one wants

to ask the tree for the nanopillar dimensions that correspond to a phase of 0.5 and a

group delay of 1 fs (Fig. 3.6). Starting from the top node (i.e. root node), the tree
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is traversed until a bottom node is reached, where a certain nanopillar is predicted.

The prediction made here is simply the average of the nanopillars of the training set

associated with that particular bottom node. Importantly, since newly predicted pillars

are just averages of existing pillars from the training set, decision trees can only predict

the nanostructures that lie within the parameter space of their training sets. This means

that, even if decision trees are capable of learning the structure-performance relationship,

they are fundamentally constrained to predict metalenses that fall within the space of

their corresponding design library.
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Figure 3.6: Visualization of how decision trees train and make predictions. For
illustration purposes, the training process is demonstrated on a dataset consisting of
25 nanopillars. The actual design libraries will contain several thousands of nanopillar
geometries. During training, the CART algorithm splits the training set into smaller
subsets by asking true or false questions with respect to the input features. It proceeds
iteratively till a given tree depth is reached or till it cannot divide the data any further.
Once the tree structure has been established, predictions of new pillars can be made by
traversing the tree from the root to the bottom nodes.



Chapter 4

Inverse design of achromatic

metalenses

In this chapter, the decision tree-based inverse design of four achromatic metalenses will

be presented. Throughout this chapter, the core workflow of most supervised machine

learning problems will become visible. First, a design library will be prepared for each

of the four metalenses. After that the training and testing of the decision trees follows

on the previously established datasets. In the end, the trained models will be asked to

predict four achromatic metalenses with given optical properties.

4.1 Preparation of the training sets

To demonstrate the applicability of the decision trees for the inverse design, four met-

alenses designed for achromatic, polarization-insensitive and diffraction-limited focusing

across the entire biological transparency window (700− 1100 nm) [94] and near-infrared

telecommunication band (1250 − 1650 nm) were constructed. For the sake of better

readability, the four metalenses are identified as symmetric (700− 1100 nm), symmetric

(1250− 1650 nm), asymmetric (700− 1100 nm) and asymmetric (1250− 1650 nm). Each

name provides information about the type of nanopillar used and the wavelength region

addressed.

As the metalenses employed nanopillars occupying different parts of the parameter space,

a tailor-made design library was prepared for each metalens. The datasets were gener-

53
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ated based on an in-house rigorous coupled-wave analysis (RCWA) model and contain

the phases, group delays and transmitted amplitudes in the co- and cross-polarization

responses of the nanopillars. The parameter sweeps that were conducted for the metal-

enses in the lower (i.e. 700−1100 nm) and higher wavelength range (i.e. 1250−1650 nm)

considered nanopillars made of an IP-L 780 polymer (Nanoscribe GmbH, Germany) with

a constant period of P = 1 µm and 2 µm, a length of L = 0.35−0.8 µm and 0.5−1.6 µm,

and a height of H = 1 − 9 µm and 1 − 15 µm, respectively. For the asymmetric metal-

enses, nanopillars with in-plane aspect ratios ranging from R = 0.3− 0.8 were selected.

The above-mentioned geometries were mapped to their associated responses for various

incident wavelengths of light. By customizing the RCWA algorithm to run in parallel

utilizing the parallel computing toolbox of MATLAB, the simulation of the nanopillars

could be accelerated significantly. The resulting design libraries for the symmetric and

asymmetric metalenses consisted of 1,125,000 and 4,320,000 data points and took ap-

proximately 16 and 66 hours to complete on a machine with a 3 GHz Intel Core i7-9700

processor. Fig. 4.1 shows the design library of the symmetric (700− 1100 nm) metalens,

containing the phase and group delay responses of a total of 22,500 nanopillars1. Here,

the phases of the co-polarization responses were simulated for a fixed incident wavelength

of λ = 1100 nm.

After applying some fabrications constraints, the design libraries of the symmetric (700−
1100 nm), symmetric (1250 − 1650 nm), asymmetric (700 − 1100 nm) and asymmetric

(1250− 1650 nm) metalens were further restricted to nanopillars that exhibited a trans-

mission efficiency of greater than 90%, 90%, 50% and 30%. Even if this added constraint

reduced the size of the dataset considerably to approximately 350,000, 170,000, 300,000

and 90,000 points, it ensured that the decision trees, later, were trained on nanopillars

with high transmission efficiencies only.

4.2 Training the decision trees

Before the training of the four decision trees started, the design libraries were randomly

split into two subsets of 80% and 20% for training and testing purposes, respectively.

The training was very quick, taking less than a second for each tree2. To be precise,

for the symmetric (700 − 1100 nm), symmetric (1250 − 1650 nm), asymmetric (700 −
1100 nm) and asymmetric (1250−1650 nm) metalens, it completed, on average, in about

1Please refer to the Appendix A for the libraries of the remaining three metalenses.
2The same computer was used in the training as already in the preparation of the design libraries.
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Figure 4.1: Design library of the symmetric (700− 1100 nm) metalens. Phase
and group delay in the co-polarization response of various nanopillar geometries. The
phases were obtained for an incident wavelength of λ = 1100 nm. As the 3D nanopillars
can be approximated as truncated waveguides, the group delays increase with the height
of the pillars (see equation 2.1.1).

736 ms, 361 ms, 964 ms and 211 ms, respectively. Since no hyperparameters were applied,

the decision trees could grow without any restrictions until all their bottom nodes turned

into leaf nodes and could not be split further. The maximum tree depths that were

reached during training can be seen in Fig. 4.2. After training, it became noticeable

that out of the two input features (i.e. the phase and the group delay), the tree structures

were mainly determined by the group delay, which reached a feature importance of above

99% for all four models. That means that 99% of the true or false questions asked to

grow the trees related to the group delay.

4.3 Model evaluation

After the training, the decision trees were evaluated based on how well they could predict

the previously unseen nanopillars from the test sets. As for performance metrics, both

the coefficient of determination (R2) and the root mean squared error (RMSE) were
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calculated. The RMSE is given by

RMSE =

√∑n
i=1(yi − ŷi)2

n
(4.1)

and the R2 is defined as

R2 = 1−
∑n

i=1(yi − ŷi)2∑n
i=1(yi − ŷ)2

. (4.2)

Here, y represents the labels, ŷ the predictions and y = 1
n

∑n
i=1 yi the mean of the labels.

In the best case, when the predictions of a trained model exactly match the labels, R2

reaches a value of 1. However, a constant model that always predicts y will have an R2

of 0.

Remarkably, when evaluated on the test sets of the symmetric (700 − 1100 nm), sym-

metric (1250−1650 nm), asymmetric (700−1100 nm) and asymmetric (1250−1650 nm)

metalens, the decision trees attained near-perfect R2 scores of 0.996, 0.984, 0.767 and

0.804 at tree depths of 54, 51, 65 and 54, respectively (Fig. 4.2). To further demon-

strate the predictive accuracy of the trees, the RMSEs of the target variables (i.e. the

wavelength, the height, the length and the width of the nanopillar) were calculated at

the aforementioned depths. A summary of the obtained RMSE values can be found in

the insets of Fig. 4.2.

4.4 Inverse design of four different achromatic metalenses

In the final step, the trained decision trees were asked to predict the nanopillars that

matched the phase and group delay requirements for an achromatic metalens3.

The prediction of the appropriate nanopillars did not require much computational power

and occurred near-instantaneously, taking approximately 4 ms for each metalens to com-

plete. Subsequently, the predicted nanopillars were processed, and a CAD image for each

metalens was generated (Fig. 4.3). The designs, in which the grayscale value provides

information about the pillar height, can later be used by a faculty-owned commercial

photolithography system (Nanoscribe Photonic Profession GT) to fabricate the metal-

enses via two-photon polymerization. If fabrication difficulties arise due to the large

fill factor in the predicted metalenses, additional constraints could be imposed onto the

3The target phase profile is given by equation 2.17. The required group delay can be derived from
equation 2.19.
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Figure 4.2: Evaluating the trained decision trees on the unseen data of the test
sets. (a)-(d) The R2 scores were calculated for each decision tree at varying tree depths.
Maximum R2 scores of (a) 0.996, (b) 0.984, (c) 0.767 and (d) 0.804 were achieved at tree
depths of (a) 54, (b) 51, (c) 65 and (d) 54, respectively. The insets show the RMSEs of
the target variables at the aforementioned tree depths.
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training sets by allowing nanopillars with a certain cross-sectional area only.

To compare the achieved with the desired optical response, simulations of the designed

achromatic metalenses were carried out with the RCWA model. The simulations of the

predicted meta-atoms show that the required and the obtained group delays agree very

well for all four metalenses - so do the phases, which, however, reveal some noticeable

deviations in the center of the lenses (Fig. 4.4). The diameters of the metalenses were

limited by the group delays accessible in the meta-unit libraries (see equation 2.13). Since

the datasets of the symmetric (700− 1100 nm), symmetric (1250− 1650 nm), asymmet-

ric (700 − 1100 nm) and asymmetric (1250 − 1650 nm) metalens provided group delays

with a range of 17 fs, 28 fs, 13 fs and 26 fs, the maximal lens diameters were restricted

to 94 µm, 120 µm, 62 µm and 88 µm resulting in numerical apertures (NA) of 0.10, 0.13,

0.12 and 0.17, respectively. Strikingly, as the training sets were constrained to efficient

nanopillars only, the simulated metalenses exhibited transmission efficiencies greater

than 90%, 90%, 50% and 30%, respectively.

Finally, to find out whether the proposed decision trees select the desired nanostructures

more efficiently from the library than conventional brute-force methods, the runtime for

designing a metalens was compared between the two approaches. Both the decision

tree and the in-house implemented optimization algorithm were asked to produce the

asymmetric (700 − 1100 nm) and asymmetric (1250 − 1650 nm) metalens based on a

dataset containing a total of 108,000 nanopillars. Although both methods used the same

machine, the decision tree completed the design of the asymmetric (700− 1100 nm) and

asymmetric (1250 − 1650 nm) metalens, on average, in 319 ms and 297 ms, whereas the

optimization algorithm took around 64 s and 20 s. This result clearly shows the potential

decision trees have in accelerating the design process presenting an up to 200 times faster

inverse retrieval over conventional brute-force techniques.
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Figure 4.3: CAD images of the machine learning predicted achromatic metal-
enses. The metalenses were designed for achromatic and polarization-insensitive per-
formance across (a), (c) 700− 1100 nm and (b), (d) 1250− 1650 nm, and were based on
(a), (b) symmetric and (c), (d) asymmetric nanopillars. The lenses have diameters of (a)
94 µm, (b) 120 µm, (c) 62 µm and (d) 88 µm and numerical apertures of (a) 0.10, (b) 0.13,
(c) 0.12 and (d) 0.17. According to the simulation, the metalenses reach transmission
efficiencies greater than (a) 90%, (b) 90%, (c) 50% and (d) 30%. In the CAD image, the
grayscale values relate to the height of the nanopillars, where the brighter tones refer to
the taller and the darker tones to the smaller pillars.
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Figure 4.4: Comparison of the achieved and desired optical responses. The pre-
dicted metalenses were simulated based on the RCWA model, and their optical responses
were subsequently compared to the target phase and group delay profiles. The red (blue)
boxes denote the desired and achieved phase (group delay) profiles. The black dashed
line in the center of each metalens separates the target from the achieved responses. The
colour bar of the phase occurs only once since it is the same for all four metalenses.



Chapter 5

Conclusion and Outlook

The overall goal of this thesis was to incorporate data-driven machine learning methods

into the inverse design of achromatic metalenses. More specifically, it was examined

whether machine learning models could more efficiently identify the metalens nanos-

tructures from the design library than conventional brute-force based optimization algo-

rithms. Furthermore, it was studied whether the trained models could be used for the

on-demand design of achromatic metalenses with arbitrary NAs and bandwidths after

they learned the critical nanostructure-performance relationship from the design library.

During the course of this work, it was found that decision trees were most suitable for

learning the nontrivial mapping between the employed nanopillars and their correspond-

ing phases and group delays. Compared to neural networks, decision trees were easier to

implement, faster to train and, more crucially, showed greater accuracies in predicting

the nanopillar dimensions. However, as the predicted nanopillars are just averages of

already existing pillar geometries in the training set, decision trees can only design met-

alenses that fall within the parameter space of their respective design libraries. Hence,

to realize the design of four achromatic metalenses with various numerical apertures

and distinct operating bandwidths, a custom-made design library had to be assembled

for each metalens. This apparent weakness of the decision tree can also be seen as its

strength since it facilitated the application of fabrication constraints and enabled precise

control on the efficiency of the designed metalenses. Results showed that the transmis-

sion efficiency thresholds imposed onto the nanostructure libraries proved effective as

they directed the decision trees to predict highly efficient metalenses only.

While decision trees could successfully learn the structure-performance relationship, they

61
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treated the metalens design as a regression problem and thus produced only one design

for a given optical response. This one-to-one mapping of metalenses contrasts physical

intuition and could potentially be overcome by employing generative models such as gen-

erative adversarial networks and variational autoencoders. Generative models are worth

considering for future work also because they have shown to predict human-unintuitive

nanophotonic structures with promising optical performances while not having to rely

on a labelled dataset. Loosening the dependency on a computationally expensive train-

ing set is an important endeavour, especially as increasingly complex meta-atoms are

considered in the construction of achromatic metalenses.

To conclude, the simulations of all four predicted achromatic metalenses agreed well with

the desired optical responses derived from the lens equation. Remarkably, the trained

decision trees could not only produce the appropriate designs, but they did so up to 200

times faster than conventional brute-force methods. This drastic speed advantage over

conventional optimization algorithms becomes particularly noticeable when metalenses

reach millimeter- to centimeter scales, thereby causing the number of the constituent

subwavelength meta-atoms to rise significantly.
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bandwidth photonic fishnet-achromatic-metalens,” Nature communications, vol. 11,

no. 1, pp. 1–6, 2020.

[37] F. Balli, M. A. Sultan, A. Ozdemir, and J. T. Hastings, “An ultrabroadband 3d

achromatic metalens,” Nanophotonics, vol. 10, no. 4, pp. 1259–1264, 2021.

[38] M. A.C., “How checkers was solved. The Atlantic..” https://www.theatlantic.

com/technology/archive/2017/07/marion-tinsley-checkers/534111/, July

2017.

[39] M. Campbell, A. Hoane, and F. hsiung Hsu, “Deep blue,” Artificial Intelligence,

vol. 134, no. 1, pp. 57–83, 2002.

https://www.theatlantic.com/technology/archive/2017/07/marion-tinsley-checkers/534111/
https://www.theatlantic.com/technology/archive/2017/07/marion-tinsley-checkers/534111/


BIBLIOGRAPHY 67

[40] D. Silver, A. Huang, C. J. Maddison, A. Guez, L. Sifre, G. Van Den Driessche,

J. Schrittwieser, I. Antonoglou, V. Panneershelvam, M. Lanctot, et al., “Master-

ing the game of go with deep neural networks and tree search,” nature, vol. 529,

no. 7587, pp. 484–489, 2016.

[41] A. W. Senior, R. Evans, J. Jumper, J. Kirkpatrick, L. Sifre, T. Green, C. Qin,
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Inverse design of achromatic

metalenses

A.1 Preparation of the training sets
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